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Chiral Dynamics of Baryons from String Theory
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We study baryons in an AdS/CFT model of QCD by Sakai and Sugimoto, realized as small
instantons with fundamental string hairs. We introduce an effective field theory of the baryons
in the five-dimensional setting, and show that the instanton interpretation implies a particular
magnetic coupling. Dimensional reduction to four dimensions reproduces the usual chiral effective
action, and in particular we estimate the axial coupling gA between baryons and pions and the
magnetic dipole moments, both of which are proportional to Nc. We extrapolate to finite Nc and
discuss subleading corrections.
PACS numbers: 11.25.Tq, 14.20.Dh, 11.10.Kk, 12.38.Aw
Introduction:— Understanding baryons from the mi-
croscopic theory is a long standing problem, since it
amounts to solving the low energy QCD, which is
strongly coupled and highly nonlinear. Though limited
successes were made such as in lattice QCD, it is far from
complete. Recent discovery of string/gauge duality [1],
however, enables us to address the problem, based on
holographic models. One interesting and realistic model
among them is the one by Sakai and Sugimoto [2] (SS
model for short). The model astutely implements chiral
symmetry spontaneously broken, and describes the low-
energy dynamics in a manner consistent with the hidden
local symmetry (HLS) theory of the form developed some
years ago with the ρ meson [3].
In this letter, using the fully five-dimensional picture of
baryons which naturally incorporates the infinite tower
of vectors in construction of the baryon, we will show
that chiral dynamics arises naturally in the large ’t Hooft
coupling limit λ = g2YMNc →∞. It has been recognized
since some time that the lowest-lying vector mesons as
hidden local fields could play an important role in the
soliton structure [4] and dynamics [5] of baryons, which
was also recently reconsidered in the context of the SS
model [6]. Here we find that not just the lowest mem-
bers but the whole tower of the vector fields participate
intricately in the dynamics of baryons, in such a man-
ner that this effectively simplifies and also relates some
four-dimensional interactions.
We start with a brief review of the SS model. In the
model, the stack of D4 branes which carries the SU(Nc)
pure Yang-Mills theory is replaced by the dual geometry,
when λ≫ 1, with the metric
G =
(
U
R
)3/2(
ds24 + f dτ
2 +
R3
U3
dU2
f
+
R3
U
dΩ24
)
(1)
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where f(U) = 1 − U3KK/U3. The coordinate τ is peri-
odic with the period δτ = 2π/MKK = 4πR
3/2/3U
1/2
KK ,
which defines the Kaluza-Klein (KK) mode scale MKK
and sets the scale for massive vector mesons. Note
that the parameters of dual QCD are mapped to the
dimensionful parameters here as R3 = λl2s/2MKK and
UKK = 2λMKKl
2
s/9 with the string length scale ls. The
string coupling is related to SU(Nc) Yang-Mills coupling
as 2πgs = g
2
YM/MKKls.
The D8 branes, which share coordinates x0,1,2,3 with
D4 branes, are treated as probes and carry U(NF ) Yang-
Mills multiplets from D8-D8 open strings. The induced
metric on D8 is
g8+1 = g4+1 +R
3/2U1/2dΩ24 . (2)
where the five-dimensional part is conformally equivalent
to R3+1 × I,
g4+1 = H(w)
(
dw2 + ηµνdx
µdxν
)
, (3)
with w =
∫
dUR3/2/
√
U3 − U3KK and H = (U/R)3/2.
This fifth coordinate is of finite range [−wmax, wmax]
with wmax ≃ 3.64/MKK . Near origin w = 0, we have
the approximate relation, U3 ≃ U3KK(1 +M2KKw2).
The main point of this model is that the D8 comes with
two asymptotic regions (corresponding to UV) at w →
±wmax, where U(Nf ) gauge symmetry of D8 can be each
interpreted as U(Nf)L,R chiral symmetry, respectively, of
fermions from D4-D8 strings.
As D4’s are replaced by the geometry, these D4-D8
strings are connected and become D8-D8 strings. Thus,
mode-expanding the U(NF ) gauge fields on D8 along the
fifth direction produces SU(Nc) gauge singlets which are
the pions and the infinite tower of massive vector mesons.
Writing the chiral field as ξ(x) = eipi(x)/fpi , we have in the
Aw = 0 gauge
A(x;w) = iα(x)ψ0(w) + iβ(x) +
∑
n
a(n)(x)ψ(n)(w) (4)
with α(x) ≡ {ξ−1, dξ} and β(x) ≡ 12 [ξ−1, dξ]. The zero
mode ψ0 approaches ±1/2 at the two boundaries. Keep-
ing the pions only results in the Skyrme Lagrangian for
2U = ξ2, while including massive vectors as well produces
a theory with hidden local symmetries [3].
Baryons as small and hairy instantons:— A baryon
in this model corresponds to a D4 brane wrapping the
compact S4 [7], which is dissolved into D8 as an U(NF )
instanton. Relation between this and the usual Skyrmion
picture was clarified in [2, 8].
In the present curved geometry, with Nc flux in the
background geometry, the compact D4 admits fundamen-
tal string tadpoles which have to be cancelled by Nc fun-
damental strings attached to it. The other endpoints of
the strings can only go to D8 and thus will behave as
electric charge with respect to the trace part of U(NF ).
Thus, a D4 brane on S4 tends to be pulled into D8 and
becomes a finite-size instanton. On the other hand, the
background geometry induces a position-dependent elec-
tric coupling for U(NF ) gauge fields, which favors point-
like instanton at w = 0. The competition between the
two will determine the size of the instanton.
The 4+1 dimensional effective action of U(NF ) Yang-
Mills fields in the conformal coordinate system is
1
4
∫
d4xdw
8π2R3U(w)
3(2πls)5(2πgs)
trFmnF
mn (5)
from which we find the effective electric coupling
1
e2(w)
≡ 8π
2R3UKK
3(2πls)5(2πgs)
U(w)
UKK
=
λNcMKK
108π3
U(w)
UKK
. (6)
A point-like instanton that is localized at w = 0 would
have the mass m
(0)
B ≡ 4π2/e2(0) = (λNc/27π)MKK
which is also the mass of D4 wrapping S4 at w = 0.
If the instanton gets bigger, on the other hand, the
configuration costs more energy, since 1/e2(w) is an in-
creasing function of |w|. For a very small instanton of
size ρ, this additive correction to the instanton mass is
found to be ≃ m(0)B M2KKρ2/6, using the spread of the
instanton density D(xi, w) ∼ ρ4/(x2+w2+ρ2)4 [9]. The
competing effects come from the energy cost of the elec-
tric charges, which arises due to a Chern-Simons term.
One finds the electric charge density is proportional to
D(xi, w), and the five dimensional Coulomb energy is
readily estimated as [9]
≃ e(0)
2N2c
20π2ρ2
, (7)
provided that ρMKK ≪ 1.
The size of the instanton localized at w = 0 is then
determined by minimizing the sum. This gives the size
of the baryon
ρbaryon ≃ (2 · 3
7 · π2/5)1/4
MKK
√
λ
∼ 9.6
MKK
√
λ
. (8)
For a large ’t Hooft coupling λ, the baryon size is then
significantly smaller than the relevant scale of the dual
QCD, and the mass correction to the baryon due to its
5-dimensional electric coupling is also suppressed by 1/λ
compared to m
(0)
B . In making this estimate, we are ig-
noring the backreaction of the instanton to the geome-
try and the position-dependent coupling from the origin.
This probably results in a slight underestimate of ρbaryon,
which is controlled by the inverse power of λ.
Five-dimensional effective action of baryons:— Our
first task is to understand the effective action of the in-
stanton soliton in five dimensions. The soliton by itself
is a classical object. In order to treat it quantum me-
chanically, one first needs to quantize their collective co-
ordinates and classify the resulting particles according to
their spin content and the representations under other
symmetries.
More subtleties come about because the instanton here
is endowed with electric charges, which are remnant of
fundamental strings attached to D4 on S4. Having in
mind an extrapolation to the real QCD, we restrict our-
selves to the case of fermionic baryons with fundamental
representation under U(NF = 2), denoted as B.
After a suitable rescaling of the B field in the confor-
mally flat coordinates (xµ, w), we have
− i
∫
d4x dw
[B¯γµDµB + B¯γ5∂wB +mb(w)B¯B] , (9)
in the Aw = 0 gauge with Dµ = ∂µ − iAµ and
(−,+,+,+,+) convention. The gauge field A here is
that of U(NF ) on D8, as before, which encodes the pions
and the entire tower of massive vector mesons. m(w) re-
flects the fact that the instanton costs more energy if it
moves away from w = 0. This is the minimal set of terms
consistent with the diffeomorphism and gauge invariance.
However, this cannot be the complete form of the
baryon action at low energy. Since the baryon is repre-
sented by a small instanton soliton with a long-range tail
of self-dual gauge field F ∼ ρ2baryon/r4, there should be
a coupling between a B bilinear and the five-dimensional
gauge field such that each B-particle generates the tail
on F . There is a unique vertex that does the job,
∫
d4xdw
[
g5(w)
ρ2baryon
e2
B¯γmnFmnB
]
. (10)
Writing the upper 2-component part of B as U e−iEt,
and approximating mb by its central value, we find the
on-shell condition is solved by
B =
( U
±iU
)
e∓imbt (11)
where the two signs originate from the sign of E/mb and
thus correspond to the baryon and the anti-baryon, re-
spectively.
A static and localized spinor configuration sources the
Yang-Mills field via
B¯γmnFmnB = ±1
2
F ajkǫ
jki〈σiτa〉B + F a5i〈σiτa〉B (12)
3where 〈σiτa〉B ≡ 2
[U†σiτaU]. In order to generate self-
dual or anti-self-dual long-range fields, the spin index and
the gauge index must be locked. For instance, one choice
that gives a long-range self-dual field is UαA = i2ǫαA in
which case 〈σiτa〉B = −δai so that the source term (with
the upper sign) is −F amnη¯amn/2 with the anti-self-dual ’t
Hooft symbol η¯ (m,n = 1, 2, 3, 5 and a = 1, 2, 3).
Now assume that such a source appears in a local-
ized form at the origin. The gauge field far away from
the source obeys, after a gauge choice and ignoring w-
dependence of the electric coupling,
∇2Aam = 2g5(0)ρ2baryonη¯amn∂nδ(4)(x) (13)
whose solution is
Aam = −
g5(0)ρ
2
baryon
2π2
η¯amn∂n
1
r2 + w2
. (14)
The general shape of the long-range field is consistent
with the identification of the baryon as the instanton.
In order to fix g5(0), we need to match the states in B
with quantized instanton. This means that the long range
field of the instanton should be modified due to quan-
tum fluctuation of the instanton along different global
gauge directions. How to implement this quantum effect
is explained in detail in [9]. Here we briefly sketch the
reasoning.
Representing the global gauge rotation in (10) as
S†AaM (τ
a/2)S = AaM (τ
b/2)
(
tr
[
S†(τa/2)Sτb
])
, (15)
the quantization replaces the quantity in the parenthesis
by its expectation value. Following a reasoning mathe-
matically identical to that used by Adkins et al [10] for
the Skyrme model, we obtain
〈
tr
[
S†(τa/2)Sτb
]〉
B
= −1
3
〈σbτa〉B = 1
3
δba . (16)
This allows us to arrive at
g5(0) = 2π
2/3 . (17)
We have ignored w-dependence of g5(w) and e(w).
This we believe is harmless for the very small-size
baryon/instanton for the usual reason.
Four-dimensional effective action of baryons:— After
identifying the relevant five-dimensional action, we per-
form the KK expansion for the five-dimensional bulk
fields along w to derive a four-dimensional Lagrangian.
The four-dimensional nucleon arises as the lowest eigen-
mode of the five-dimensional bulk baryon along the w
coordinate, which should be a mode localized near w =
0. We mode-expand BL,R(xµ, w) = BL,R(xµ)fL,R(w),
where γ5BL,R = ±BL,R are four-dimensional chiral com-
ponents, with the profile functions fL,R(w) satisfying
∂wfL(w) +mb(w)fL(w) = mBfR(w) ,
−∂wfR(w) +mb(w)fR(w) = mBfL(w) . (18)
The four-dimensional Dirac field for the baryon is then
reconstructed as B = (BL, BR)
T
. See Ref.[11] for a sim-
ilar model.
We will use the mode expansion in Eq. (4) to obtain
the baryon couplings to mesons. The eigenmode analysis
done in [2] shows that ψ(2k+1)(w) is even and ψ(2k)(w) is
odd under w → −w, corresponding to vector and axial-
vector mesons respectively. Inserting this expansion into
the action, we obtain an effective Lagrangian density for
four-dimensional baryons,
L4 = −iB¯(γµ∂µ+mB)B+Lvector+Laxial+ · · · , (19)
where the coupling to vector mesons a
(2k+1)
µ is given by
Lvector = −iB¯γµβµB −
∑
k≥0
g
(k)
V B¯γ
µa(2k+1)µ B , (20)
and the baryon couplings to axial mesons, including pi-
ons, as
Laxial = − igA
2
B¯γµγ5αµB −
∑
k≥1
g
(k)
A B¯γ
µγ5a(2k)µ B ,
(21)
where various couplings constants g
(k)
V,A as well as the
pion-nucleon axial coupling gA are calculated by the over-
lap of wavefunctions.
For the couplings we have two contributions, one from
the minimal coupling, denoted gAmin , which is calcula-
ble for a given λNc [9] and the other from the magnetic
term (10). However, in the large Nc limit, the contri-
bution from the magnetic term is dominant for all axial
couplings. For the leading axial coupling with the pion,
in particular, the main contribution to gA becomes
gA ≃ 0.18Nc
∫
dw
[(
2U(w)g5(w)
g5(0)UKK
)
|fL|2 ∂wψ0
MKK
]
, (22)
where we used the previous estimates to find
g5(0)ρ
2
baryon/e
2(0) ≃ 0.18Nc/MKK . (23)
For sufficiently localized fL,R, which is guaranteed by
large λNc, the leading axial coupling gA from the mag-
netic term is approximately
gA ≃ 0.18Nc × (4/π) ≃ 0.7(Nc/3) . (24)
We stress that this is independent of the ’t Hooft coupling
λ and the KK mass MKK and consequently of the pion
decay constant.
Let us now consider electromagnetic responses of the
baryons. The simplest way to obtain the coupling is to
include the electromagnetic field as a nonnormalizable
mode of the gauge fields on D8 branes,
Aµ(x;w) = Aµ(x) + iαµ(x)ψ0(w) + · · · (25)
The five-dimensional gauge interaction of such a nonnor-
malizable mode gives the vertex
∫
d4x AµJµ, into which
we embed the electromagnetic interaction.
4Here we are interested in isolating the magnetic mo-
ment of the nucleon from the magnetic vertex we found
above. For NF = 2, for example, we find the isovector
magnetic moment of the nucleon, ∆µ ≡ µp − µn, to be(
4g5(0)ρ
2
baryon
e(0)2
)∫
d4x
[U†B · σU] (26)
where B is the SU(NF ) part of the magnetic field
strength, embedded into F ≡ dA + A2. Given the nor-
malization, trU†U = 1/2, one can identify trU†σU as the
spin operator S of the baryon. Recall that the minimal
coupling of the Dirac field to a vector field produces a uni-
versal magnetic moment eEMS/mB. It is easy to show
that this latter contribution, smaller by relative factor of
1/N2c , adds to the above leading contribution.
For NF = 2 the SU(2) part of the electromagnetic
charge is given as diag(1/2,−1/2). The “anomalous mag-
netic moment” of the nucleon in which strong-interaction
dynamics is encoded is given by
∆µan
eEM
=
[
2g5(0)ρ
2
baryon
e(0)2
]
≃ 0.36Nc
MKK
. (27)
Discussions:— So far, all the computations were car-
ried out in the large λ and large Nc limit, so direct com-
parisons with nature would be difficult to justify rigor-
ously. Nevertheless there is a line of reasonings which
suggests a particular form of the O(1) correction for gA
and µan in the 1/Nc expansion. We would like to close
this letter with a brief description and the resulting com-
parison with experimental values.
It is based on the following set of observations: (1)
The instanton baryon in five dimensions we obtain is re-
lated to a skyrmion in four dimensions [2], and shares the
same symmetry structures; (2) in the large Nc expansion,
the skyrmion description is equivalent to the constituent
quark model [12]; and (3) a simple group theoretic struc-
ture in constituent-quark and skyrmion models of the
spin-flavor operators figuring in both gA and ∆µan sug-
gests that Nc could be replaced by Nc+2 [13]. Although
we are ill-equipped to verify the above shift directly, let
us assume in comparing with nature that such a shift
of Nc takes into account most, if not all, of the leading
corrections.
To proceed we need to fix the parameters of the model.
In doing this, we will adhere to the strategy adopted in
baryon chiral perturbation theory, namely, the parame-
ters are determined in the meson sector. We take the
parameters fpi, MKK etc as given in [2]. In particular we
will takeMKK ≈ 0.94 GeV and λNc ≈ 26. Including the
subleading correction gAmin ≈ 0.15 for the given λNc,
we obtain gA ≈ 1.32 and ∆µan/µB ≈ 3.6, where µB is
the Bohr-magneton. These should be compared with the
experimental values gexpA = 1.26 and ∆µ
exp
an /µB = 3.7.
Clearly much more study is needed to compute correc-
tions in a more rigorous and systematic manner. What is
intriguing is that even at this “crude” leading order, the
chiral lagrangian, derived from the string/gauge duality,
is found to describe baryons remarkably well, which in-
dicates it certainly captures the correct physics of strong
interactions.
More details as well as implications of the infinite tower
of the vector mesons on the vector dominance structure
of baryon electromagnetic form factors will be reported
elsewhere [9].
Note Added: After this work was completed and has
appeared, a related paper has appeared [14], with a par-
tial overlap on the instanton size estimate in early part
of our manuscript.
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